A new coarse-grained lattice model neglecting atomic details is proposed for the coil-helix transition and a new physical parameter is suggested to characterize a helical structure. In our model, each residue is represented by eight lattice sites, and side groups are not considered explicitly. Chirality and hydrogen bonding are taken into consideration in addition to chain connectivity and the excluded volume effect. Through a dynamic Monte Carlo simulation, the physical properties of the coil-helix transition of a single homopolypeptide have been produced successfully within a short computing time on the PC. We also examined the effects of the variation of chain configurations including chain size and chain shape, etc. A spatial correlation function has been introduced in order to characterize periodicity of a helical chain in a simple way. A propagation parameter and a nucleation parameter have also been calculated, which compares favorably with the results of the Zimm-Bragg theory for the coil-helix transition.
I. INTRODUCTION
Protein folding is a challenging problem in natural science. [1] [2] [3] [4] [5] Computer simulation or ''computer experiment'' constitutes one of the main research methodologies for folding studies. However, any computer simulation based upon all-atom details is, to our knowledge, rather time consuming to perform on present-day computers for long chains. It is thus strongly desirable to improve the modeling efficiency at the cost of neglecting atomic details to some extent. In such a model, the interactions are approximated to capture the important physical features [6] [7] [8] [9] and the amino acid residues are coarse-grained by single monomers.
Molecular dynamics simulation based upon off-lattice models has been successfully used in studying protein folding, especially during the last decade. [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] The lattice Monte Carlo simulation based on a coarse-grained model ignoring atomic details is an alternative approach to model the protein folding process with very high efficiency, although off-lattice Monte Carlo simulations are also available for the coil-helix transition. [20] [21] [22] [23] Lattice models have been criticized due to its artificial lattice restriction. Nevertheless, it is generally appreciated that a suitable lattice model may capture some key features of a protein, for instance, chain connectivity, excluded volume effect, etc. 24 -26 A coarse-grained model may not be sufficient for the investigation of a specific protein, but is meaningful for revealing the universal behavior of protein, as protein is believed to exhibit simplicity in many aspects. 27, 28 In fact, simple statistical models have succeeded in studies of folding-related problems reported recently. 20, 24, [29] [30] [31] [32] [33] [34] Protein is folded accompanied by a series of conformational transitions such as a coil-globule transition and a coil-helix transition. Presently, much attention has been paid to the coil-globule transition of a polymer chain via Monte Carlo simulations. 24, 33, 35, 36 The coil-helix transition has also been investigated by off-lattice Monte Carlo simulations. 20, 37 In contrast, lattice Monte Carlo simulations of the coil-helix transition are rarely reported. [38] [39] [40] [41] In this paper, we propose a simple coarse-grained lattice model for the coil-helix transition of a homopolypeptide and examine the thermodynamic properties as the first step of our Monte Carlo simulation of protein folding.
The structure of an ␣ helix is one of the most common secondary structures in native proteins, and plays a very important role for protein to perform a function. Thus, it is important to explore the physical properties of the formation of an ␣ helix. Many factors stabilizing an ␣ helix have been examined quantitatively due to recent advances in experimental technology. 42, 43 The basic mechanism of ␣ helix formation has also been investigated according to simplified theoretical models. 44 -49 It is commonly known that an ␣ helix is right handed with 3.6 residues per helical turn where a hydrogen bond forms between residue pairs separated by a four-residue interval in sequence. 50 Nevertheless, present characterization parameters of helices are still not sufficient in simulation.
The remaining parts of this article are organized as follows: In Sec. II we describe the coarse-grained model we proposed and the dynamic Monte Carlo simulation technique we employed. The results and some detailed discussions are presented in Sec. III, where a helix with regular periodicity can be obtained and a new statistical parameter, spatial correlation function, is introduced to characterize the helix. A comparison between the Zimm-Bragg theory and our simulations is made in terms of the propagation parameter and nucleation parameter. Some conclusions are drawn in Sec. IV.
II. MODEL AND SIMULATION APPROACH

A. Coarse-grained lattice model for helix
In our coarse-grained lattice model, a residue is modeled by a basic unit. A single homopolypeptide chain is considered here and the sequence dependence of an actual polypeptide chain is tentatively not included in this model.
Because the bond fluctuation model is employed, one residue can occupy eight sites in three dimensions, as shown in Fig. 1 , and the bond length may fluctuate within a defined range. [51] [52] [53] [54] This model was originally proposed to deal with commodity polymers with the advantage of being not as coarse as in the conventional single-site cubic lattice model and being easy to incorporate branching points. ͑For example, the disulfide bond as well as sequenced chains have been studied by us and the results will be published elsewhere.͒ The so-called ''sub-bead'', i.e., the occupation of a lattice site can only move to a nearest-neighboring vacant site in an elementary movement.
One of the main advantages of the present bondfluctuation model over the conventional single-site lattice model is that the number of the permitted bond orientation in three dimensions is as large as 87 and thus the present lattice model can be considered quasicontinuous or quasi-offlattice. Compared to studies of the coil-globule transition, this advantage is more important in studies of the coil-helix transition, because a ''realistic'' helix is hard to be formed from a small number of permitted bond angles unless the permitted angles are just the targeted ones. Furthermore, one bond is not allowed to cross another in the simulation for the microrelaxation modes defined by the bond fluctuation model. 52 On the other hand, as emphasized by Deutsch and Binder, 52 too many permitted bond angles ͑namely, more than 87 bond orientations in the bond-fluctuation model͒ or bond lengths would lead to the crossover of two bonds in some elementary movements or microrelaxation modes, which is incorrect to chain dynamics. Because we employed the microrelaxation modes defined by Deutsch and Binder, 52 the excluded volume effect has thus been taken into consideration in the present model both statically and kinetically.
In this work, we aim to construct an ␣ helix. Thus, hydrophobicity is not included for simplicity. The hydrophobic interaction is prevailing in a coil-globule transition. 55 To describe protein's secondary structures, hydrogen bonds and chirality are more important, and are dealt with in a simplified way in our model. The energy function for our helix model is written as
where the four terms on the right side of Eq. ͑1͒ represent fluctuations of the distance between consecutive residues, fluctuations of angle, chirality of residue, and hydrogen bonding between residues. The potential for bond length fluctuations between two consecutive residues or ␣ carbons is given by
and that for bond angle fluctuations is given by
Here N is the number of residues per polypeptide, and k l and k are the corresponding elastic constants for the associated harmonic potentials; l i is the module of the bond vector l i that denotes the vector connecting residue i to residue i ϩ1; i is the angle between l iϪ1 and l i ; o and l o are equilibrium values. o is chosen as 88.9°, according to the real value in the ␣ helix. l o is set to be ͱ6, because the microrelaxation mode or basic local movement around this bond length is highly probable in the bond fluctuation model. 52 While fluctuations of the bond length and angle are introduced mainly to let residue be movable, the other two terms in Eq. ͑2͒ are really important in the helix formation and description. In our coarse-grained model, the side-group effect is not reflected explicitly, but it is considered indirectly because chirality is necessary to stabilize a helix. Therefore, we assume the following potential to include chirality:
where
According to this potential, a non-right-handed orientation for three consecutive bonds is penalized with a positive energy ⑀ ch . A hydrogen bond is another key factor for a helix. Limited by our coarse-grained model, the hydrogen bond is artificially assumed to form between two residues with a fourresidue interval in sequence and with suitable spatial distance. The hydrogen bond potential E HB is given by A site that has already been occupied by a residue cannot be occupied by another one. The elementary movement is set to allow a ''half-residue'' jump to four nearest-neighbor vacant sites along the six marked directions. A hydrogen bond might be formed between residues separated by a sequence interval of four.
͑7͒
Here, we assume that only the (iϮ4)th residue can form a hydrogen bond with the ith residue, as shown in Fig. 1 .
is the module of the bond vector h i,iϩ4 that denotes the vector connecting residue i to residue iϩ4. The hydrogen bond interaction occurs within the range from h 1 to h 2 . This range may, in principle, be estimated by the ratio of the hydrogen bond's length over the distance between two consecutive ␣ carbons in a natural ␣ helix. Further, by trial and error, we set h 1 ϭͱ11.6 and h 2 ϭͱ12.4 in this simulation. Once a hydrogen bond forms, the system gains an energy Ϫ⑀ HB . The other parameters of our energy function are determined mainly by trial and error. The values used in this paper are listed as follows: ⑀ ch ϭ⑀ HB /2, k l ϭ⑀ ch , k ϭ⑀ ch /2.
B. Simulation approach
The dynamic Monte Carlo simulation was performed on a cubic lattice. A single polypeptide containing 32 residues was modeled in a box composed of 36ϫ36ϫ36 lattice sites, unless otherwise indicated. A periodic boundary condition was set along each dimension. In each attempt, we first select a residue randomly. Then, one of the nearest neighbor ''site groups'' along six principal directions in a simple cubic lattice system is selected randomly, [51] [52] [53] [54] as shown in Fig. 1 . Every ''site group'' is composed of four sites in the threedimensional eight-site bond fluctuation model. The coordination number is 6 for ''site groups'' and thus 24 for sites. The residue cannot be moved to the position of the selected site group, unless all sites in this group are vacant and the bond length restriction is obeyed ͑the number of the permitted bond orientation is 87͒. After the attempt of a move, Metropolis importance sampling 56 is employed as the criterion for acceptance or rejection in every attempt. The acceptance probability of the tried state is set as minimum of 1 and exp͓Ϫ⌬E/(k B T)͔, where ⌬E is the energy difference between attempted state and old state, and k B T is the Boltzmann constant multiplied by the absolute temperature. One Monte Carlo step ͑MCS͒ is defined as N attempts so that each residue in the polypeptide has a chance to move on average. Based upon the interpretation of Metropolis sampling via the master equation by Binder, 57 the dynamic Monte Carlo simulation is justified to study kinetics, because the number of MCS' is proportional to physical time. Different from multicanonical Monte Carlo simulation, 20, 22 ,58 the present approach might be applied to the investigation of folding kinetics, although only thermodynamic behaviors have been examined in the first paper of our research in this series.
In addition to Metropolis sampling, thermal annealing is also employed to avoid local minima that are present in the energy landscape of protein folding. At every temperature in annealing, the chain was relaxed sufficiently to reach thermodynamic equilibrium before equilibrium statistics was collected. In this study, there were 40 temperatures simulated from an athermal state to the lowest simulated temperature for each trajectory. Each trajectory was initiated from different random-coil states. At each temperature, w MCS' are used for thermodynamic equilibration, and then another w MCS' are used for the collection of statistics. Because chains relax slowly at low temperature, the relaxation time and statistics time are elongated with the decrease of temperature:
III. RESULTS AND DISCUSSION
A. Specific heat peak and thermodynamic transition
To quantitatively describe the coil-helix transition, we first study the reduced specific heat at different temperatures,
which was calculated from energy fluctuations,
Here, ''͗ ͘'' denotes the configurational average. The calculated reduced specific heat as a function of temperature is shown in Fig. 2 , where we have used the reduced, dimensionless temperature T*(ϵk B T/⑀ HB ). A peak occurs around the transition energy (1/T c *ϭ3.12) with large fluctuations. Some snapshots are also shown in Fig. 2͑a͒ as an inset, where both coil and helix states can be observed. The conformation of helix has been reproduced successfully and a structural transition exists in our simulated system. In contrast to fluctuation energy of bond length and that of bond angle, hydrogen bonding energy and chirality energy has a dominating effect in the coil-helix transition, as shown in Fig. 2͑b͒ .
B. Size and shape variations near the coil-helix transition
To describe chain configurations, one conventionally uses the mean square end-to-end distance ͗R 2 ͘ and mean square radius of gyration ͗S 2 ͘. The simulated results are displayed in Fig. 3 . As the temperature is decreased, ͗R 2 ͘ and ͗S 2 ͘ decrease first, and increase below the coil-helix transition. It is well known that for a random coil, these two parameters should be proportional to each other. This is, however, not true in the case of the coil-helix transition. The two ends are separated in a rodlike helix, which accounts for the rapid increase of the end-to-end distance after the transition.
To describe the chain's shape extensively, we calculate the tensor of radius of gyration, 53, 59 Rϭ͑r 1 ,r 2 ,...,r N ͒ϭ ͩ
Here, R is the position matrix for a chain at a specific configuration, and r i is the position vector of the ith residue relative to the center of mass of the entire chain. Then, the tensor of radius of gyration S can be defined as
where R T is the transposed matrix of R. ͑The trace of the matrix S reduces to the square radius of gyration S 2 .) After the diagonalization of S, three principal axes of the radiusof-gyration tensor can be obtained. The ratios among the three principal axes L max , L mid , and L min may be used to evaluate the average shape of the simulated chain.
The results for the coil-helix transition are shown in 
C. Helix number and length
If the temperature is not sufficiently low, there might be multiple helical domains in the chain. According to the Zimm-Bragg method, 44 which is employed here as the criterion for recognizing a helical segment, the ith residue is in the helical state when it is bonded with the (iϪ4)th residue; consecutive, unbroken helical residues constitute one helix domain in a chain. The maximum number of a helical domain is thus NϪ4. Based on this criterion, we can calculate the average length of a helical domain L h and the average number of helix in a chain N h , which are shown in Fig. 5 . As shown in Fig. 5 , N h first increases sharply as T is lowered, then decreases to about 1, and meanwhile L h reaches its maximum, 32Ϫ4ϭ28 for chain length Nϭ32 in Fig. 5 . The peak value of N h increases if the total number of residue is increased ͑data not shown͒. The peak of the curve for N h and that of specific heat appear at very similar temperatures. Therefore, the process of helix formation can be deduced from these measurements. At the first step, many partial or short helices are formed, and at the transition temperature the number of helices reaches a maximum; as the second step, those partially formed helices merge to each other leading to a single helical structure ͑from multidomain to monodomain͒. Thus, helix formation is accompanied by multiple nuclei.
D. Periodicity of the resultant helix
At a finite temperature the stable helical structure may not be perfect. As an example, three snapshots of configurations of different chain lengths at the same reduced temperature are shown in Fig. 6 . We are then faced with a problem of how to calculate the period of a helix and estimate the regularity of a helix. To resolve this problem, we employ the concept of a correlation function and suggest the following form to describe the periodicity of a helix.
The orientational correlation function is defined by us as
In this function, m means the sequence interval, which ranges from 0 to N/2Ϫ1 in our calculation. cos i,j denotes the average of cos i,j over j from 1 to NϪ1. A typical curve for G(m) is shown in Fig. 7 for a helix at low temperature. The oscillatory behavior of this curve reflects the periodic variation of monomer positions in a helix. Then we introduced the following equation to describe the spatial correlation function of a helix, G͑m ͒ϭexp͑ Ϫm/ ͒cos͑ 2m/ P ͒. ͑15͒
Here, two parameters are needed to fit the data, and P; these parameters can be interpreted as the orientational correlation length and period of helix, respectively. The simulation data is fitted by this equation very satisfactorily. The contour of the damping part in Fig. 7 closely follows the equation
In contrast to Eq. ͑15͒, the correlation function at an athermal state corresponding to a random coil can only be described as G(m)ϭexp(Ϫm/) ͑data not shown͒. The calculated periods and correlation lengths vary with temperature and are shown in Fig. 8 . The helix period P is about 4 at low temperature, which is close to 3.6 in a real ␣ helix. increases as the temperature is decreased. The correlation length defined above has the physical meaning of the persistent length defined in a wormlike chain. Figure 8 demonstrates that a chain in the helical state is persistent for a longer distance as the temperature is decreased, as the result of the increase of length of each helical domain and also the increase of the regularity of the helix. Figure 9 indicates that for long chains, is not sensitive to the chain length at a given temperature, although for short chains, seems to be proportional to chain length N ͑or N Ϫ4) because just one helix segment exists in a short polypeptide at low temperature. Thus, the rigidity of the polypeptide helix can be quantitatively calibrated by its correlation length. Equations ͑12͒-͑16͒ are also applicable for multihelices in a single chain or helix in multiple chains.
E. Comparison with the Zimm-Bragg theory
The classical Zimm-Bragg theory 44 provides a convenient means for comparing propensities of the coil-helix transition based on different models. In this theory, two parameters have been proposed: the nucleation parameter reflecting the difficulty level of nucleating a helical domain among coil segments and propagation parameters s measuring the propagating ability at the helix-coil interface. These two parameters are often considered as a standard for the characterization of the coil-helix transition. Since 1970, values of s and have been determined experimentally by different groups. [60] [61] [62] [63] [64] In recent years, some groups also attempted to determine these two parameters through computer simulations, and have obtained some important insights. 22, [65] [66] [67] [68] [69] In this paper, the values of and s are directly calculated from the dynamic process of helix formation. The calculation method will be discussed in detail in a later paper. The main idea is to obtain the values of and s from the equilibrium constant of the conversion between coil and helix segments.
In the following we use ''0'' and ''1'' to denote a coil residue and a helical residue. The ith residue is marked as ''1,'' only if a hydrogen bond is formed between the ith residue and the (iϪ4)th residue. The probability of nucleation can be calculated from
Here, 000→010 denotes the conversion of the middle residue from a coil state to the helical state because of hydrogen bonding. Note that this process is equivalent to the nucleation step originally defined in the Zimm-Bragg model. 44 In Eq. ͑17͒, Num 000→010,try represents the Monte Carlo time ͑or try number͒ during which a residue is attempting to change its state, and Num 000→010,suc the times of successful conversion for the tried residue; the average is taken over all N Ϫ4 residues that are possible to be in the helical state; p 000→010 denotes the probability of successful attempts for nucleus formation. In a similar definition, the probability of successful attempts for nucleus annihilation for a pertinent attempt (p 010→000 ) can also be calculated. Thus, we can obtain the value of equilibrium constant K 000↔010 by
which must be equal to the statistical weight s of the nucleation step in the Zimm-Bragg theory. The values of p 000→010 , p 010→000 , and K 000↔010 at different temperatures are shown in Fig. 10 . The equilibrium constant K 100↔110 leads to the calculation of the statistical weight s of the propagation step straightforwardly. Thus, we can determine and s based upon a dynamic computer simulation of the coil-helix transition. The results are shown in Fig. 11 . The nucleation parameter has the same order of magnitude among the simulated temperature range and seems not very sensitive to temperature. In contrast to it, the value of the propagation parameter varies among several orders of magnitude, and s is nearly 1 at the coil-helix transition point. The dependence of and s on temperature agree with the Zimm-Bragg theory 44 quite well. Based upon the calculated and s, helix ratio can be calculated 22, 68 as the result of the Zimm-Bragg theory, 
where n refers to the whole number of helical residues in a chain. Of course, n can also be directly obtained from simulation. Figure 12 demonstrates that the direct simulation result satisfactorily agree with the theoretical estimate based on Eq. ͑19͒ with the ''measured'' nucleation parameter and propagation parameter.
IV. CONCLUDING REMARKS
In this work, we have constructed a new coarse-grained lattice model for protein folding and have reproduced a homopolypeptide's coil-helix transition by dynamic Monte Carlo simulations. Physical properties such as chain size and shape have been examined. An orientational correlation function has been introduced to characterize the periodicity and persistency of the helix state. Propagation and nucleation parameters have also been determined, and by comparison we found that our coarse-grained model is consistent with the Zimm-Bragg theory.
The simulation of helix based on a simplified model is, generally speaking, not new. The main novelty of this paper may be briefly summarized as follows: ͑1͒ the new model for reproducing a helical structure. Lattice computer simulations have been performed in the present work while most related works are based upon an off-lattice model. 11, 12, 20, 21 Furthermore, an eight-site lattice model is employed in this paper in contrast to a single-site, or modified lattice model in other work. 24, 38 The advantage of the eight-site lattice model over the conventional single-site model is that more bond lengths and bond angles are permitted. It is not difficult to understand that a conventional lattice model is hard to reproduce a helix. The eight-site model may be regarded as a quasi-offlattice model and meanwhile it keeps the features of lattice simulations such as being easy to incorporate the excluded volume interaction, nearest-neighbor interaction, etc. The interactions such as chirality can be introduced in a very simple way. The model is, albeit not limited to, especially suitable for dynamic Monte Carlo simulation. ͑2͒ The new method for characterizing a helix. It is very important to obtain the period and the persistent length for a helix in light of Statistical Physics. The spatial correlation function has been proposed, which might not be limited to our lattice model and will be very useful in various kinds of simulation of helices.
Our simulations agree with the Zimm-Bragg theory to a certain degree. The new model has captured the key physical properties of the coil-helix transition as a function of temperature. The model and characterization methods will be useful, unless fine spatial structures of proteins are expected. Folding kinetics and the protein-protein interaction might also be investigated, since the present lattice model and the associated lattice Monte Carlo simulation approach are very efficient in computation. 
